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We study the generalization of the Saez-Ballester theory applied to a flat FRW 
cosmological model. Classical exact solutions up to quadratures are easily obtained 
using the Hamilton-Jacobi approach. Contrary to claims in the specialized literature, 
it is shown that the Saez-Ballester theory cannot provide a realistic solution to the 
dark matter problem of Cosmology. Furthermore the quantization procedure of the 
^NJ ' theory can be simplified by reinterpreting the theory in the Einstein frame, where 

the scalar field can be interpreted as part of the matter content of the theory, in 
this approach, exact solutions are also found for the Wheeler-DeWitt equation in 
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O 1 I- INTRODUCTION 

O 

The inclusion of scalar fields into homogeneous cosmologies is a typical practice to study 

•rH , 

X 1 different scenarios, such as inflation, dark matter, and dark energy However, since the 
early seventies, the problem exists of finding the appropriate sources of matter and its 
corresponding Lagrangian to solve an specific scenario [2|, |3j. 

In this respect, Saez and Ballester (SB) [4] formulated a scalar-tensor theory of gravitation 
in which the metric is coupled to a dimensionless scalar field in order to solve the so-called 
missing matter problem in Cosmology. Some works about the classical regime are already 
present in the literature 0, 0, E, 8]. In particular, in ref. the authors consider the coupling 
parameter time- dependent and take a particular ansatz for mathematical convenience for 
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solving the field equations. 

In spite of a the dimensionless character of the scalar field, an antigravity regime appears, 
and this fact has been used to suggest a new possible way to solve the missing matter problem 
in non-flat FRW cosmologies. On the other hand, the quantization program of the theory 
has yet to be made. 

In this paper, we shall study a generalization of the SB theory and transform it into a 
conventional tensor theory, where the dimensionless scalar field is interpreted as an exotic 
matter. We found the general behaviour for the kinetic scalar field dependent to the scale 
factor of the universe, but the behaviour corresponds to stiff matter and not for a dust 
universe, then the missing matter problem is not solved. 

With respect to the quantization program, in this approach we can construct the quanti- 
zation program of the theory using the usual ADM formalism[2]. Also, we can in principle 
quantize the theory following the Loop Quantum Cosmoloy program. 

In this work, we shall use this formulation to obtain classical and quantum solutions in 
quadratures, for the flat barotropic FRW cosmology, including a cosmological term A. 

The paper is arranged as follows, In section II we write the generalization Saez-Ballester 
formalism in the usual manner, that is, we calculate the corresponding energy-momentum 
tensor to the scalar field and give the equivalent lagrangian density. Next, we proceed to 
obtain the corresponding canonical lagrangian C can to a flat FRW universe through the 
lagrange transformation, we calculate the classical hamiltonian, we also present solutions to 
some models. In section III, using the transformation and the Hamiltonian constraint 7i, 
f we find the Wheeler-DeWitt (WDW) equation of the corresponding cosmological model 
under study. Section IV is devoted to conclusions and outlook. 

II. GENERALIZED SAEZ-BALLESTER THEORY 

The simplest generalization of the Saez-Ballester theory)^] with a cosmological term is 

£ geo =(R-2\-F(<p)<p^) , (1) 

where R the scalar curvature, 0' 7 = g 7Q jCn and F((j)) is a dimensionless and arbitrary 
functional of the scalar field. According to common wisdom, the Lagrangian ([I]) would 
correspond to a scalar field theory without scalar potential but with an exotic kinetic term. 
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The complete action is then 

I = j V-g(£geo + Cmat) (l^X , (2) 

where we have included a matter Lagrangian C mat , and g is the determinant of metric tensor. 
The field equations derived from the above action are 

G a/3 + g a p\ - F(4>) \^>, a <f>,f3 - ^a/?0, 7 0' 7 J = 8irGT a/3 , (3a) 

dF 

2F(<j>)<j>% + = , (3b) 

in which G is the gravitational constant, and a semicolon means covariant derivative. 

The same set of equations (I3all3bl) is obtained if we consider the scalar field as part of 
the matter budget, i.e. say £<p = F(0)g Q/3 jQ i/ g. In this new line of reasoning, action (J2]) 
can be rewritten as a geometrical part (Hilbert-Einstein with A) and matter content (usual 
matter plus a term that corresponds to the scalar field component of Saez-Ballester theory), 

I = J V=9 (R-2X + C mat + £ ) d 4 x . (4) 

Even though the philosophy is different to that of the original SB theory, the similarity 
of the latter to a standard scalar field theory at the classical level will help us to infer 
the correspondence quantum formulation. We expect the quantum picture will also be the 
correct one for the SB theory, as all the formulation is based upon the same (classical) 
Hamiltonian constraint. 

Using this action we obtain the classical Hamiltonian of the generalized SB theory for a 
Friedmann-Robertson- Walker background. Let us start with the line element for a homoge- 
neous and isotropic universe, 

dr 2 
1 — Kr 2 

where a(t) is the scale factor, N(t) is the lapse function, and k is the curvature constant 
that can to take the values 0, 1 and —1, for flat, closed and open universe, respectively. The 
total Lagrangian density then reads 

c = 6a 2 a_ Q ^ Na + F[^^ 2 + lg7rGiVa 3 p _ 2Na s x j (g) 

where p is the matter energy density; we will assume that it complies with a barotropic 
equation of state of the form p = jp, where 7 is a constant. The conjugate momenta are 



ds 2 = -N 2 (t)dt 2 + a 2 (t) 



+ r W 



(5) 



4 



obtained from 



n fl 



dC 
da 
dC 



\2aa 
"AT' 
2Fa 3 <p 
N 



12a ' 
ML 



2Fa 3 



(7) 



From the canonical form of the Lagrangian density ([6]) and the solution for the barotropic 
fluid equation of motion we find the Hamiltonian density for this theory 
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F{4>) 

where p 7 is an integration constant. 



Ul + 144/ta 4 + 48a 6 A - 3847rGW 



3(1-7) 



(8) 



A. Classical solutions for flat FRW 

Using the transformation = the Einstein-Hamilton- Jacobi corresponding to 

Eq. © is 

a2 (f ) 2 + m (f ) 2 + 48 « 6A - = » . ■ eo 



The EHJ equation can be further separated in the equations 

4(f) 2 -' 

2 (la) ' + 48fl6A " 3847rG /°7 a3(1_7) = V > ( H ) 



a 



where \i is a separation constant. With the help of Eqs. ([7]), we can obtain the solution up 
to quadratures of Eqs. ( ITUl) and ( flTT) . 



= J^=ja- 3 (T)dT, (12a) 

At = / - , (12b) 

'inGp^a 3 ^ - fa 6 - v 2 



with v = ^1 



Eq. f ll2a[) readily indicates that 

F(0)0 2 = 6zA- 6 (r) , (13) 
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despite of the particular form of the functional F(4>). Also, this structure is directly obtained 
for this model solving the equation f!3bj) . Moreover, the matter contribution of the SB scalar 
field to the rhs of the Einstein equations would be 



That is, the contribution of the scalar field is the same as that of stiff matter with a barotropic 
equation of state 7 = 1. 

This is an interesting result, since the original SB theory was thought of as a form to solve 
the missing matter problem of Cosmology, now generically called the dark matter problem; 
to solve the latter, one needs a fluid behaving as dust with 7 = 0. It is surprising that such 
a general result remain unnoticed until now in the literature about SB. 

Also, that we have identified the general evolution of the scalar field with that of a stiff 
fluid means that the Eq. (112bl) can be integrated separately without a complete solution for 
the scalar field. For completeness, we give below a compilation of exact solutions in the case 
of the original SB theory. 

If F((p) = u<p m , then we have two cases that correspond to m = —2 and m 7^ —2; the 
general solution for the scalar field is 



which can be completely integrated once the time dependence of the scale factor a has been 
resolved. 

• Stiff plus a cosmological constant, 7 = — 1. The master equation become 




(14) 




(15) 




(16) 



where b 



'-i = 



^nGp-i — 3, whose solution is 



At 



1 



Ln b-ia 3 + \fb~i\fb-icfi - v 2 



(17) 




The volume function is then 




(18) 
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whereas that of the scalar field is 
Exp 



4 / Bzp[3a/6_iAt] 

' arctan 1 x 



J(m+2) arc f- an 
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m = —2 ; 
m ^ -2 . 



(19) 



For the case 7 = 1 the same solutions are found and only a redefinition of the constants 
is needed. 



Stiff plus a cosmo logical constant plus dust, 7 = 0. In this case the master equation 
becomes 

Ar = 



a 2 da 



whose solution is 
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b + 



}nGp a 3 - |a 6 - v 2 



2|AI 3 



(20) 
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+ 2\ b a 3 + V^ 6 - ^ 2 
a V 3 



(21) 



with |A| > and b = |7rGp - The volume function is now 



a' 



3[A[r 



4^2 + eV /3|A|r _ 



4v / 3|A[ 

In this way, the solution for the field <p is 

/3|A|Bo;p[- n /31a[At]-36o 



3&o 



(22) 
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(23) 



The classical solution when F(0) = we™* have the following structure 



1 L „ 

m 



m Gv 2 « _., 
-J— /a^(r)dr + e 2 



00 



(24) 



where the integration value must be consider the last calculations over the scale factor. 

The solutions above were checked to comply with the Einstein field equations encoded in 
equations fl3bl) . using the REDUCE 3.8 package. 
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III. QUANTUM FRW COSMOLOGICAL MODEL 

One of the open problem of SB is the lack of a quantum model, in this section using the 
generalization of the ideas presented in the previos sections we use canonical quantuization. 
By the usual representation for the momenta operators Il q = — ij^, (h = 1), including the 
factor ordering problem in the a and variables, we obtain the Wheeler-DeWitt equation 

_ a 2_^ _ qa |_ _ JL & - A + 144/ta 4 + 48a 6 A - 384 7 rGp 7 a 3 ( 1 -^ 



da 2 ^ da F(0) 30 2 F(0y d<p 



* = 0, 
(25) 

where q and s are real constants that measures the ambiguity in the factor ordering in the 
operators Il a and IT^, \l/ is the wave function for this cosmological model. Employing the 
variables separation method, \l/(a, 0) = *4.(a)£>(0), ( l25i) gives the set of equations 
d 2 .4 BA 

- a 2 — y - qa-^ + (144/ta 4 + 48a 6 A - 3847rGp 7 a 3 ( 1 - 7 ) - /i 2 ) A = 0, (26) 
del udb 



d 2 B , d£ fx 2 
6 



2 + S 7T-^W)^ = °- ( 27 ) 



The equation ( 1261) does have not a general solution for any k, then we solve for flat case 
and the particular values in the 7 parameter. When 7 = — 1, the exact solution is 



A{a) = Z A ^— a 3 , (28) 




where v = |a/(1 — q) 2 — 4^ 2 and b = 384irGp-i — 48A. We can see that when b > 0, the 
generic Bessel function Z u — > J„, and when 6 < 0, Z„ — > (K„, I v ) 

Other soluble case is when 7 = 1, the solution is the same, and the changes appear in 
the constants /i 2 — > 384irGpi + fi 2 and b = — 48A. In this form, we obtain the exact solution 
to the wave function \l/(a, 0) in this theory. 

For solve the equation (1271) . we apply this approach at Saez-Ballester theory. The case 
when 9] is written in term of generic Bessel function Z v as 



l-s . 



B(0) = c0^Z, ( ^-40^ ) , (29) 



m + 2 



where c is a integration constants, and 77 = ^—S^, £ = Also, we can see that the generic 



Bessel function Z v — > J v when u> < 0, or (K^, L,) when u > 0. 

We can build the wave packet, introducing the continuum parameters rj and v as 



l-s 



r\ J v 



. 11+2 ^ l-q ^ I \/\) 



%u = I I T{i))Q{v)4>—Z r] ( -^0—1 a — Z v —a 3 ) drjdv (30) 
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For particular values in the constant m, the exact solutions are very simple. For instant 
when m = —2, we have the Euler equation who solution is 

[ci0 a + c 2 0-°] (1 - s) 2 > Ab 

[ci + c 2 W>] (1 - s) 2 = Ab (31) 

[cisin(o!Ln^) + c 2 cos(aLn(0))] (1 — s) 2 < Ab 



1-s 



B((f>) = (f>— < 



with a = \^J{l-s) 2 -Ab and b = -^f. 

When m = —6 and s = — 1, making the transformations z = 4>~ 2 and B = -, leads to 



a constant coefficient linear equation, ( |271) is transformed to 4-r-| — = who exact 



solutions becomes 




^z) +c 2 cosh( A /^z] u>0 



z ) +c 2 cos ( A /^fz ) ^<0 



(32) 



£^^) +C2COsh f^-L j „ >() 

21 



24 d> 2 j 1 ^ wol± V 24 <i> 2 



^ +c 2 co S ,fe] cu<0 



(33) 



IV. CONCLUSIONS 

We studied the generalization of the Saez-Ballester theory by including a dimensionless 
functional of the scalar field F((p). The classical dynamics of the theory were obtained from 
the corresponding classical Lagragian and Hamiltonian densities; the solutions were in turn 
given up to quadratures. 

One general result here is that the evolution of the scale factor of the Universe does not 
depend upon the particular form of the functional -F(0); actually, the contribution of the 
scalar field in the SB theory is that of perfect fluid with a stiff (barotropic) equation of state. 
If any, its contribution to the matter budget of the Universe is only relevant at early times. 

A separate conclusion is that the SB, whether in its original form as given in Ref. 4j 
or in the generalized case studied here, cannot be an answer to the dark matter riddle of 
Cosmology. 

In the quantum regime was necessary to build one equivalent density lagrangian in order 
to apply this, and does not possible to write this solution in closed form. In this sense, 
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we check this approach using the original Saez-Ballester formalism, obtaining the exact 
solutions in both regimes, classical and quantum for particular values in the 7 parameter. 
This formalism will be used with anisotropic cosmological models, which will be reported in 
other work. 
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